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On a neutral plasma with quadratic interactions
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1 University of Heidelberg, Sonderforschungsbereich 123, D-6900 Heidelberg 1, FRG
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Abstract. We calculate the free energy per particle and the correlation functions for a
d-dimensional, two-component plasma with quadratic interactions and show that the
system’s thermodynamics is equivalent to that of a two-component ideal gas mixture. For
distinguishable particles this equivalence holds both classically and quantum mechanically.

1. Introduction

A neutral plasma consists of 2N particles with charges g;, 1 <j<2N, such that
2N
L 4=0. (1)
=

We denote the coordinates by X, . . . , X,n, and the momenta by py, . . . , Pn, and assume
that all particles have the same mass m. The Hamiltonian is taken to be

2N 1
H=Y S P> -3 X qglx—x), (2)
j=1 m iz

with the understanding that the particles are confined to a d-dimensional volume L%
Boundary conditions will be specified later. Due to the special form of (2) we can
write H as a sum of d independent Hamiltonians, each describing a one-dimensional
system. We therefore take d =1. By neutrality

H AN g 5 (ZN )2
= —ps 4+ Y. .
/Z.l m Pj /;1 g% (3)

In this paper we present some simple arguments to show that as N->oand p=2N/L
fixed, the thermodynamics of (3) reduces to that of an ideal gas with the same total
density. We first turn to the classical case. The quantum case is considered in § 4 and
a short discussion of our results is given in § 5.

2. Classical two-component plasma

The thermodynamics of a classical neutral plasma is determined by the partition
function (0 <x; <L)

+oc +oc L L
Z(B,2N,L)=J dp,...j deNJ dxl...J dxon e PH. (4)

—c —xc 0 0
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The integration of the momenta gives rise to a factor (278/m)". The integration over
x in (4) is done by using the formula

e—‘2/2=I Eexp(—%zzﬂxz). (5)

—c V27

We find using (1) once again that (4) may be written

e sin g;
(2mmL*/B)Y L ( BLz)l/zexP[ z*/(BL?)] H ( ,.z] ) (6)
From now on we assume a two-component plasma and take g;=...=¢qy =1 and
gn+1=...=qgyn =1 so that the canonical partition function becomes
LY \? J’“’C dz sin z
Z(B,2N,L)=|\—F— ——~7 exp[— 2%/ ( ) .7
(B ) (ANN!> o (7TBL2)1/2 exp[ z (BL )] 7 ( )

The (N!)? takes into account the statistics (Huang 1963), while A =[(2m8#%)/m]'/? is
the thermal wavelength. Since {sin z|<|z| we get an upper bound,

Z(B,2N, L)< (LN/ANNYH2 (8)

Moreover, we have

LY \? 2 2N
Z(ﬁ,2N,L)2(/\NN!) (L2 )1/2J dz exp[— zz/(BLz)]< )

LN 2 2 2N
2()\NN!) ( BLZ)I/Z,[ dz exp[— Zz/(BLZ)]( ;)
- L ) 2expl=7/(BLY)] _ 7

ANN! (mBLHYE  2N+1

9)

Combining (8) and (9) we obtain for the free energy per particle in the thermodynamic
limit (N»o0, L>o0, 2N/L=p)

pPA
f(p, B)= lim 2Nﬂ log Z(B,2N,2N/p) = 3 log — (10)
So the thermodynamic functions of the model (3) are those of a two-component ideal
gas mixture with the same total density. Apparently for ‘most’ particle configurations
{x1,..., x;n} we have =i 1 (x;— x;.n) =0, which implies that the centre of mass of
the pamcles with positive charge coincides ‘on the average’ with the centre of mass
of the particles with negative charge. Similar results were obtained earlier by van den
Berg (1981). However, the use of (5) simplifies e.g. the derivation of (10) considerably.
In particular, we are now able to calculate all the correlation functions.

3. Correlation functions

In this section we show also that the correlation functions of the classical plasma
converge in the thermodynamic limit to those of a two-component ideal gas mixture.
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As an example we calculate the +— pair correlation function g;(s; r):

gu(s; 1) = N*8(x;—5)8(xn+1— )L

N NZ L L
=Z(B’ INL) (N)PAZ™ L dx, ... L dx,n 8(x1—8)0(xn41— 1)

ol e

_N? [T%dz exp[—2z%/(BL*)]cos(2z(s~r)/L)(sin z/z)*" 2
T [*> dz exp[—2?/(BLH)](sin 2/ z)*" ’

(11)

where we have used (5) and (7). From (11) we conclude that g, (s; r)<(p/2)%. On
the other hand,

(s: )>(3>2fé°dz (sin z/z)* "1 - (z%/BLY) ~ (22%(s— 1)*/L?)]
a5 =2 f&dz (sin z/z)*"

(§) [ 5sY)] 12

where
J(N)=J’:<Si—:€>Ndz. (13)

Since
J(NY~(3m/2N)"*+0(1/N) N-> (14)

we find that the right-hand side of (12) converges to (p/2)%. Hence
lim g.(s;1)=(p/2)". (15)

In a similar vein, one finds for the k+, [— correlation function

lim g, (81,. .., 8k 71,....01)
L-scc

1 p k+!
Tm(i) ~ (16)

Taking into account the proper statistics (1) one can easily generalise the arguments
of §8 2 and 3 to a 2m-component plasma.

4. Two-componrent quantum plasma with quadratic interactions

In this section we calculate bounds on the canonical partition function for a two-
component quantum plasma (Boltzmann statistics) with quadratic interactions and
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show that the free energy of this system converges in the thermodynamic limit to the
classical one. In the quantum case we replace in (3) p?— —#%d?/dx? with Dirichlet
boundary conditions on x =0, x=L. Using the Feynman-Kac formula we write the
quantum partition function

1 m N
2828 D =3 )
B/ N 2
XJ dx[E{exp[—J (Z(x,(r)—xj+N(r))> d-r},
xell; 4] j=1
x(T)eD,_,Os~r$ﬂ}x(0)=x([3)=x} (17)
where x=(x;,...,%n) and O,={x:0=sx<L,j=1,...,2N} Moreover,

E{exp{—[5 V(x(7)) d7}|x(0) = x(B) = x} denotes the average of exp{—{; V(x(r))dr}
for all paths x(-) of a Wiener process on R*" satisfying x(0) =x(8)=x (see Kac
1951). Because of the Dirichlet boundary conditions on the boundary a1, only paths
contained in O, (0= r=< B) give a non-zero contribution. Expression {17) enables us
to calculate bounds on Z,(8, 2N, L). The upper bound on Z,(8, 2N, L) is trivial,

1

Z,(B, 2N, 1) < o 3w

J dx E{}, x(1)eO,, 0<7<B|x(0) =x(B) =x}
xe,

s e ()
TNDEAN Lo, ANNY)

For the lower bound we obtain

11 PrY :
Zq(B’zN,L)ZW)\_Zﬁj . dx[E{exp[—J <i=l(xl(7')'-x,-+~(7'))) dT:|,

0

[

x(1)ed,0<s7<Blx(0)=x(B)=x

1 1 J
Z TN 2N
(N') A xe) _,

8 2
XE{exp[—J. (Z(xj(r)—xj+N(7))) dT],x(T)ERzN,O$TSE x(0)
1 1
= A= "} TN AT Jm
de[E{D, sup I%L—x,-(r)|>%L|x(0)=x(/3)=x}. (18)
jOo=r=p8

The absolute value of the second term in (18) can be estimated from above by means
of lemma 2 of Ray (1954). It is smaller than

[(L—2&)Y/NIANTAN expl—¢2/(28)]. (19)
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The first term in (18) is bounded from below by

1 1 N 2
st wesl-( o0
x[E{exp[— J' dT(Z(x} T)))

B 2N 2
‘3J df( z urn(r))”

0 i=N+1

1 1 N 2
B (N‘)2 ;ﬁ J‘IEDL—E d exp[_3B<jgl (x]_xj+N)> }

X :E{exp[—il J: d1'(§:1 x,»('r))z:l

=3NZ(3B8,2N, L-2¢)
r BYN 2
X [E{exp(—3J' drxz(r)) x(0)=x(B¢N)=O}]
L 0

=3NZ(38, 2N, L —2¢)(6 8V N/sinh{68VN}), (20)

x(0)=x(B)=x}

2
x(0)=x5,(8)=0,j=1,... NH]

where we have used (6.23) of Kac (1951). If we set £ = L*'/? we arrive at

L 2L1/2 2N
£(1\”)—)\221_.4N —L/(ZB). (21)

Z,(B,2N,L)=3" e N Z(38,2N,L-2L"%) ~
The second term in (21) becomes in the limit N »co, L » o0, 2N/L = p, much smaller
than the first. Combining (21) and (17) we have proved that

2N) 1
folp; B)= lim ——= 1 oN logZ (B, 2N,7> =-B-logpf=f(p,ﬂ), (22)

i.e., the quantum plasma with Boltzmann statistics behaves thermodynamically like a
classical plasma with the same density and temperature.

5. Discussion

Apparently the quadratic interaction becomes irrelevant as N -0, at least for
Boltzmann statistics. It is an open question whether the same behaviour persists for

Bose-Einstein statistics. For distinguishable particles, the physical mechanism is clear.
The quadratic interaction,

N N 2
(; Xj— ; xi+N> , (23)

only favours those configurations where the centre of mass of the particles with positive
charges more or less coincides with the centre of mass of the particles with negative
charge. There is also a second, more formal, argument which ‘explains’ the irrelevance
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of the quadratic interaction (23) as N> . Let A be a 2N X 2N orthogonal matrix
such that y = Ax and

1 N

=\/2’_—;j=] (X, = XjeN). (24)

341
There are many orthogonal matrices satisfying the requirements (24). Since the
mapping A is linear and orthogonal it gives rise to a canonical transformation which
maps the original Hamiltonian onto a much simpler one, namely

H‘={L 2+2N2}+2NL 2 (25)
2mpl Y1 i=22mp1.

Except for one degree of freedom, this is the Hamiltonian of an ideal gas. However,
the hypercube [0, L]*" is rotated as well, and specifying its boundaries in terms of the
y coordinates is by no means easy. Apparently, most of its volume corresponds to the
(2N —1)-dimensional hyperplane y, = 0 or more precisely (see the previous argument),
to a family of hyperplanes with y, =0. Indeed, this is just what we have shown.
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